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Abstract. We use the covariant and gauge-invariant 1+1+2 formalism of Clarkson
and Barrett [1] to analyze electromagnetic (EM) perturbations on non-vacuum locally
rotationally symmetric (LRS) class II space-times. Ultimately, we show how to derive
six real decoupled equations governing the total of six EM scalar and 2-vector harmonic
amplitudes. Four of these are new, and result from expanding the complex EM 2-
vector which we defined in [2] in terms of EM 2-vector harmonic amplitudes. We are
then able to show that there are four precise combinations of the amplitudes that
decouple, two of these are polar perturbations whereas the remaining two are axial.
The remaining two decoupled equations are the generalized Regge-Wheeler equations
which were developed previously in [3], and these govern the two EM scalar harmonic
amplitudes. However, our analysis generalizes this by including a full description and
classification of energy-momentum sources, such as charges and currents.
PACS numbers: 04.25.Nx, 04.20.-q, 04.40.-b, 03.50.De, 04.20.Cv
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1. Introduction
There has been recent interest [1, 2, 3, 4] in the analysis of first-order perturbations
to locally rotational symmetric (LRS) class II space-times [5, 6, 7] using Clarkson
and Barrett’s 1+1+2 formalism [1]. Electromagnetic (EM) perturbations to non-
vacuum LRS class II space-times via the 1+1+2 formalism were first analyzed in [3].
Therein they derived covariant and gauge-invariant generalized Regge-Wheeler (RW)
[8] equations governing the radial parts of the electric and magnetic fields, E and
B. They also presented a new scalar and vector harmonic expansion formalism that
naturally generalizes the spherical harmonic formalism developed in [1]. Finally, they
presented a detailed analysis of the EM scalar harmonic amplitudes Es and Bs, in
the absence of energy-momentum sources. Following this, we showed that expressing
Maxwell’s equations in a 1+1+2 complex form is conducive to deriving a new decoupled,
covariant and gauge-invariant, complex equation governing a new complex EM 2-vector
[2], Φµ := Eµ + iBµ. Thus clearly demonstrating, that the EM 2-vector fields decouple
from the scalar fields.
In this paper, a vector harmonic expansion of the complex EM 2-vector is used
and the governing equation yields a system of two equations which are coupled by the
complex EM 2-vector harmonic amplitudes, Φv and Φ¯v. We then discuss the invariance
properties of this new coupled system and note that it is precisely analogous to the
invariance properties of the 1+1+2 EM system we discussed in [2]. Therefore, precisely
the same linear algebra techniques as in [2] are used to choose new complex variables
that are successful for decoupling the system. It is then possible to separate the real
from the imaginary parts and this ultimately results in four real decoupled equations
governing four specific combinations of the real EM 2-vector harmonic amplitudes, Ev,
Bv, E¯v and B¯v, with a complete description of energy-momentum sources.
Furthermore, this analysis is supplemented by the generalized RW equations as
presented in [3]. However, the equations are generalized here by explicitly writing
the scalar harmonic expansion of the generalized RW equations and also include a
treatment of the energy-momentum sources. Summarily, we find six real decoupled
equations governing the six real scalar and 2-vector harmonic amplitudes, with a full
scalar and 2-vector harmonic analysis of the energy-momentum source terms. Moreover,
all quantities are neatly categorized into axial and polar perturbations.
Finally, we adhere to all notations and conventions as presented in [1, 3] and this
differs from that employed in [2].
2. Previous Work
2.1. Betschart and Clarkson’s 1+1+2 non-vacuum LRS class II space-time
The 1+1+2 scalars, and equations, governing background LRS class II space-times were
initiated in [1] for the covariant Schwarzschild space-time, and later generalized by
Betschart and Clarkson in [3] for arbitrary non-vacuum LRS class II space-times. There
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is a set of ten non-vanishing scalars given by,
LRS class II: {A, θ, φ, Σ, E , µ, p, Q, Π, Λ}. (1)
Here, A is the radial acceleration of the four-velocity, θ and φ are respectively the
expansions of the 3-sheets and 2-sheets, Σ is the radial part of the shear of the 3-sheet,
and E is the radial component of the gravito-electric tensor. The energy-momentum
quantities, mass-energy density, pressure, radial heat flux and radial anisotropic stress
are denoted respectively µ, p, Q and Π, and finally, Λ is the cosmological constant.
These scalars do not vary over the 2-sheets and consequently, the covariant 2-derivative
associated with the 2-sheets, which is denoted δµ, of any of these scalars will vanish.
Also, the equations governing these scalars arise from the Ricci identities and the Bianchi
identities, and are reproduced here from [3]:
φˆ+
1
2
φ2 +
(
Σ−
2
3
θ
)(
Σ +
1
3
θ
)
+ E = −
2
3
(µ+ Λ)−
1
2
Π, (2)
Σˆ−
2
3
θˆ +
3
2
φΣ = −Q, (3)
Eˆ +
3
2
φ E =
1
3
µˆ+
1
2
(
Σ−
2
3
θ
)
Q−
1
2
Πˆ−
3
4
φΠ, (4)
φ˙+
(
Σ−
2
3
θ
)(
A−
1
2
φ
)
= Q, (5)
Σ˙−
2
3
θ˙ −
1
2
(
Σ−
2
3
θ
)2
+A φ+ E =
1
3
(µ+ 3 p− 2Λ) +
1
2
Π, (6)
E˙ −
3
2
(
Σ−
2
3
θ
)
E =
1
3
µ˙−
1
2
Π˙ +
1
4
(
Σ−
2
3
θ
)
Π +
1
2
φQ−
1
2
(µ+ p)
(
Σ−
2
3
θ
)
, (7)
Aˆ+ (A+ φ)A− θ˙ −
1
3
θ2 −
3
2
Σ2 =
1
2
(µ+ 3 p− 2Λ), (8)
µ˙+ θ µ+ Qˆ+ (2A+ φ)Q+ θ p+
3
2
ΣΠ = 0, (9)
Q˙+
(
Σ+
4
3
θ
)
Q+ pˆ+A p+ Πˆ +
(
A+
3
2
φ
)
Π + µA = 0. (10)
Here, the “dot” derivative is defined X˙µ...ν := u
α∇αXµ...ν where Xµ...ν represents any
quantity. The “hat” derivative is defined Wˆµ...ν := n
αDαWµ...ν , where Wµ...ν represents
a 3-tensor and Dµ is the covariant derivative associated with the 3-sheets.
Furthermore, the Gaussian curvature of the 2-sheet is also reproduced from [3] is
given by
K =
1
3
(µ+ Λ)− E −
1
2
Π +
1
4
φ2 −
1
4
(
Σ−
2
3
θ
)2
. (11)
Thus, the background system of evolution, propagation and transportation equations
are given by (2)-(10) and the background scalars (1) are assumed to become known
quantities in the forthcoming first-order perturbation equations.
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2.2. First-order Maxwell’s equations in 1+1+2 complex form
We now consider first-order EM perturbations on LRS class II space-times given by
the EM fields (Eµ and Bµ), charges (ρe) and the current (Jµ). Furthermore, these
perturbations are regarded as gauge-invariant according to the Sachs-Stewart-Walker
Lemma [9, 10]. The first-order vectors are irreducibly split into 1+1+2 form according
to
Eµ = E nµ + Eµ, Bµ = B nµ + Bµ and Jµ = J nµ + Jµ. (12)
We showed in a recent paper [2] that Maxwell’s first-order equations may be expressed
in a new 1+1+2 complex form which is conducive to decoupling,
Φˆ + φΦ+ δαΦα = ρe, (13)
Φ˙−
(
Σ−
2
3
θ
)
Φ+ i ǫαβ δαΦβ = −J , (14)
Φ˙µ¯ +
(1
2
Σ +
2
3
θ
)
Φµ − iǫµ
α
[
Φˆα +
(
A+
1
2
φ
)
Φα
]
+ iǫµ
αδαΦ = −Jµ, (15)
where i is the complex number and ǫµν is the Levi-Civita 2-tensor. Moreover, the
complex EM scalar and the complex EM 2-vector have been defined,
Φ := E + iB and Φµ := Eµ + iBµ. (16)
Subsequently, we showed in [2] that the complex scalar and 2-vector naturally decouple.
Furthermore, the gauge-invariant and covariant equations arise from the 1+1+2 complex
system (13)-(15),
Φ¨−
(
Σ−
5
3
θ
)
Φ˙−
ˆˆ
Φ− (A+ 2φ)Φˆ− V Φ = S, (17)
Φ¨µ¯ −
(
Σ−
5
3
θ
)
Φ˙µ¯ −
ˆˆ
Φµ¯ − (A+ 2φ) Φˆµ¯ − V(1)Φµ
−i ǫµ
α
[
(2A− φ)Φ˙α − 3Σ Φˆα − V(2) Φα
]
= Sµ, (18)
where terms related to the background potentials were defined
V := δ2 + 2K − µ+ p+Π− 2Λ, (19)
V(1) := δ
2 + E +
1
4
φ2 −A2 + φA+
7
4
Σ2 −
2
9
θ2 +
2
3
θΣ−
1
3
µ+ p−
4
3
Λ, (20)
V(2) := −A˙ −
1
3
θˆ −
2
3
θ (φ+ 2A) +
1
2
Σ (φ+ 4A), (21)
and the complex first-order energy-momentum sources are
S := −ρˆe − (φ+A)ρe − ˙J − θJ + i ǫ
αβδαJβ, (22)
Sµ := − ˙Jµ¯ +
3
2
(
Σ−
2
3
θ
)
Jµ − δµρe + i ǫµ
α
(
δαJ − Jˆα −
3
2
φJα
)
, (23)
where the 2-Laplacian is δ2 := δαδα. Thus, (17)-(18) clearly demonstrates the decoupling
of the complex scalar and 2-vector. Moreover, (17) is the generalized RW equation in
complex form as presented in [2]. Then a further decoupling between the EM scalars E
andB can be achieved by taking the real and imaginary parts of (17) separately, which
then correspond to those previously derived in [3].
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2.3. Scalar and Vector Harmonics
The scalar and vector harmonic expansion for all 1+1+2 first-order quantities has been
previously presented in [3] for non-vacuum LRS class II space-times and this was a
natural generalization of the scalar and vector spherical harmonics given for the covariant
Schwarzschild case in [1]. Here we state the necessary results from [3]. Dimensionless
sheet harmonic functions Q (defined on the background) are reproduced here from [3],
δ2Q = −
k2
r2
Q, Qˆ = Q˙ = 0, (24)
where k2 is real. The scalar, r, is covariantly defined by the following differential
equations
rˆ −
1
2
φ r = 0, r˙ +
1
2
(
Σ−
2
3
θ
)
r = 0 and δµr = 0. (25)
Thus any first-order scalar function is expanded according to
ψ =
∑
k
ψ
(k)
s Q
(k) = ψsQ, (26)
where the subscript, s, indicates that a scalar harmonic expansion has been made.
Furthermore, the summation over k is implicit in the last equality and ψs is referred to
as the scalar harmonic amplitude, or just scalar amplitude.
Similarly, all vectors are expanded in terms of even (Qµ) and odd (Q¯µ) parity vector
harmonics which are defined respectively
Qµ = r δµQ → δ
2Qµ =
(
K −
k2
r2
)
Qµ, (27)
Q¯µ = r ǫµ
αδαQ → δ
2Q¯µ =
(
K −
k2
r2
)
Q¯µ. (28)
However, there is a subtle difference with the equations presented here from [3]. Note
that 2-Laplacian operating on the vector harmonics in (27)-(28) are left in terms of the
Gaussian curvature, whereas in [3] they use a further constraint of K = 1
r2
which is
equivalent to choosing a particular normalization that was convenient for their analysis.
Here we leave this normalization general.
Now, any first-order vector may be expanded according to
ψµ =
∑
k
ψ
(k)
v Q
(k)
µ + ψ¯
(k)
v Q¯
(k)
µ = ψvQµ + ψ¯v Q¯µ, (29)
where the, v, is indicative of a 2-vector harmonic expansion. Also, the summation in
the last quantity is implied, and ψv and ψ¯v are the 2-vector harmonic amplitudes or
2-vector amplitudes.
3. Scalar Harmonic expansion of the complex RW equation
A scalar (and vector) harmonic expansion of the EM scalars has been previously studied
in [3] for vanishing energy-momentum sources. Here, our analysis generalizes those
results by explicitly writing the generalized RW equation in a scalar harmonic form and
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furthermore, we include a treatment of energy-momentum sources. The complex EM
scalar, Φ, and energy-momentum source, S, are expanded in terms of scalar harmonics
according to
Φ = ΦsQ and S = SsQ. (30)
Similarly, the first-order charges and currents become
ρe = ρesQ, J = JsQ and Jµ = JvQµ + J¯v Q¯µ. (31)
Therefore, the complex generalized RW equation (17) becomes
Φ¨s −
(
Σ−
5
3
θ
)
Φ˙s −
ˆˆ
Φs − (A+ 2φ)Φˆs − V Φs = Ss. (32)
where the potential and source are now
V = −
k2
r2
+ 2K − µ+ p+Π− 2Λ, (33)
Ss = −ρˆes − (φ+A)ρes −
˙Js − θJs + i
k2
r
J¯v. (34)
Therefore, since Φs and Ss are the only complex quantities in (32), the real and
imaginary parts can be taken separately to obtain two real decoupled equations,
E¨s −
(
Σ−
5
3
θ
)
E˙s −
ˆˆ
E s − (A+ 2φ)Eˆs − V Es = −ρˆes − (φ+A)ρes − ˙Js − θJs, (35)
B¨s −
(
Σ−
5
3
θ
)
B˙s −
ˆˆ
Bs − (A+ 2φ)Bˆs − V Bs =
k2
r
J¯v. (36)
Furthermore, we can see that the perturbations neatly separate into polar and axial
perturbations which was similarly noted in [3] and are respectively
Decoupled polar perturbation: {Es}, (37)
Decoupled axial perturbation: {Bs}. (38)
Here, we also further categorize the energy-momentum sources according to
Energy-momentum polar perturbations: {ρes,Js}, (39)
Energy-momentum axial perturbations: {J¯v}. (40)
At this stage it is also clear that the remaining energy-momentum quantity (Jv) must
be a polar perturbation since its partner (J¯v) is axial. We will see that this is consistent
with the vector harmonic expansions in the following section.
As a final note, we inspect the energy-momentum source terms in (35) and (36)
and note that the polar electric scalar amplitude, Es, is being forced purely by the polar
energy-momentum scalar amplitudes, ρes and Js. Furthermore, the axial magnetic
scalar amplitude, Bs, is being forced purely by the axial current 2-vector amplitude,
J¯v, and completely vanishes in the cases where the harmonic summation index, k
2,
also vanishes.
1+1+2 Electromagnetic perturbations on non-vacuum LRS class II space-times 7
4. Vector Harmonic expansion
Much more work is required to decouple the EM 2-vector amplitudes, Ev and Bv. First,
the complex EM 2-tensor (16) and the energy-momentum source (23) are expanded
according to
Φµ = ΦvQµ + Φ¯v Q¯µ and Sµ = SvQµ + S¯ v Q¯µ. (41)
Thus, by substituting (41) into (18) we get a coupled system of the form
Φ¨v −
(
Σ−
5
3
θ
)
Φ˙v −
ˆˆ
Φv − (A+ 2φ) Φˆv − V(1)Φv
+i
[
(2A− φ) ˙¯Φv − 3Σ
ˆ¯Φv − V(2) Φ¯v
]
= Sv, (42)
¨¯Φv −
(
Σ−
5
3
θ
)
˙¯Φv −
ˆ¯ˆ
Φv − (A+ 2φ)
ˆ¯Φv − V(1)Φ¯v
−i
[
(2A− φ)Φ˙v − 3Σ Φˆv − V(2)Φv
]
= S¯v. (43)
The background potential and energy momentum sources similarly become
V(1) := −
k2
r2
+K + E +
1
4
φ2 −A2 + φA+
7
4
Σ2 −
2
9
θ2 +
2
3
θΣ−
1
3
µ+ p−
4
3
Λ, (44)
Sv := − ˙Jv +
3
2
(
Σ−
2
3
θ
)
Jv −
1
r
ρes + i
(
ˆ¯J v +
3
2
φ J¯v
)
, (45)
S¯v := −
˙J¯ v +
3
2
(
Σ−
2
3
θ
)
J¯v + i
(
1
r
Js − Jˆv −
3
2
φJv
)
. (46)
By inspection, equations (42)-(43) are (momentarily ignoring sources) now precisely
invariant under the simultaneous transformation of the form Φv → Φ¯v and Φ¯v → −Φv.
Thus, this is precisely the same invariance exhibited by the 1+1+2 EM system as
discussed in [2] and decoupling may be achieved by choosing new independent variables
and sources according to
Φ− := Φv − i Φ¯v and Φ+ := Φv + i Φ¯v, (47)
and similarly for the source, S± := Sv±i S¯v, where the “±” is relative. Consequently, by
taking complex additions and subtractions of (42)-(43) we find two decoupled complex
equations; one for each of Φ+ and Φ−,
Φ¨+ −
[
Σ−
5
3
θ − (2A− φ)
]
Φ˙+ −
ˆˆ
Φ+ − (A+ 2φ+ 3Σ) Φˆ+ − [V(1) + V(2)]Φ+ = S+,(48)
Φ¨− −
[
Σ−
5
3
θ + (2A− φ)
]
Φ˙− −
ˆˆ
Φ− − (A+ 2φ− 3Σ) Φˆ− − [V(1) − V(2)]Φ− = S−.(49)
Therefore, since the only complex quantities in (48)-(49) are Φ+, Φ− S+ and S−, the
real and imaginary parts may be considered separately and there are actually four real
decoupled equations; one for each of the real and imaginary parts of Φ±, i.e. ℜ[Φ+],
ℑ[Φ+], ℜ[Φ−] and ℑ[Φ−]. These quantities can now be related back to the harmonic
amplitudes of the real EM 2-vector. By using (47), and noting that according to (16)
Φv := Ev + iB and Φ¯v := E¯v + i B¯, (50)
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then the real and imaginary parts of Φ± are
Φ+ = (Ev − B¯v) + i (Bv + E¯v) and Φ− = (Bv + E¯v) + i (Bv − E¯v), (51)
and the sources
S+ := −
1
r
(ρes + Js)−
˙Jv + Jˆv +
3
2
(
Σ−
2
3
θ + φ
)
Jv
−i
[
˙J¯ v −
ˆ¯J v −
3
2
(
Σ−
2
3
θ + φ
)
J¯v
]
, (52)
S− := −
1
r
(ρes −Js)− ˙Jv − Jˆv +
3
2
(
Σ−
2
3
θ − φ
)
Jv
+i
[
˙J¯ v +
ˆ¯J v −
3
2
(
Σ−
2
3
θ − φ
)
J¯v
]
. (53)
Therefore by inspecting (51), it is now clear that we have four different combinations of
the EM vector amplitudes which decouple. Furthermore, they may also be categorized
into polar and axial perturbations. Summarily, the precise combinations of the harmonic
amplitudes of the real EM 2-vectors that individually decouple are:
Decoupled polar perturbations: {Ev + B¯v, Ev − B¯v}, (54)
Decoupled axial perturbations: {Bv + E¯v,Bv − E¯v}. (55)
Furthermore, this also elucidates that the remaining energy-momentum quantity yet to
be categorized is a polar perturbation as anticipated
Energy-momentum polar perturbation: {Jv}. (56)
Moreover, by inspecting (54)-(55), it is clear that if one were to integrate the four
decoupled equations (48)-(49), it is then possible to construct linear combinations of
the solutions to ultimately find each of Ev, Bv, E¯v and B¯v.
5. Summary
We have provided a complete analysis of the EM perturbations to the most general
non-vacuum LRS class II space-times, using the complex 1+1+2 formalism and a
harmonic scalar and vector expansion of the complex EM scalar and 2-vector. We
derived four new decoupled equations which govern four precise combinations of the
EM 2-vector amplitudes and this has a full energy-momentum treatment. Furthermore,
we generalized the two RW equations, which govern the scalar amplitudes, from [3]
to also include energy-momentum quantities. This gives a total of six decoupled
equations governing the combined total of six EM amplitudes. Summarily, the necessary
combinations that individually decouple are:
Decoupled polar perturbations: {Es, Ev + B¯v, Ev − B¯v}, (57)
Decoupled axial perturbations: {Bs,Bv + E¯v,Bv − E¯v}. (58)
Furthermore, the energy-momentum sources also fall into polar and axial perturbations
according to
Energy-momentum polar perturbations: {ρes,Js,Jv}, (59)
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Energy-momentum axial perturbations: {J¯v}. (60)
We present the main results, i.e. the decoupled equations (35)-(36) and (48)-(49),
as a single master equation of the form
Ψ¨−
[
Σ−
5
3
θ − σ (2A− φ)
]
Ψ˙−
ˆˆ
Ψ− (A+ 2φ+ σ 3Σ) Ψˆ− U Ψ = S , (61)
where for
polar perturbations:
Ψ = Es for σ = 0, U = V and S = ℜ[Ss], (62)
Ψ = (Ev − B¯v) for σ = 1, U = V(1) + V(2) and S = ℜ[S+], (63)
Ψ = (Ev + B¯v) for σ = 1, U = V(1) + V(2) and S = ℜ[S−]. (64)
axial perturbations:
Ψ = Bs for σ = 0, U = V and S = ℑ[Ss], (65)
Ψ = (B¯v + Ev) for σ = −1, U = V(1) − V(2) and S = ℑ[S+], (66)
Ψ = (Bv − E¯v) for σ = −1, U = V(1) − V(2) and S = ℑ[S−]. (67)
It is anticipated that the decoupling analysis provided here will be useful for
modeling space-times for which there are small EM fields, charges and currents present.
Moreover, we also note that this analysis is the primary motivation to decouple the
significantly harder problem of gravitational perturbations on LRS class II space-times
using the gravitoelectromagnetic (GEM) formalism [11]. It is very well established that
the GEM equations governing gravitational fields are remarkably similar to the EM
equations governing EM fields [12]. In a later paper, we will show that the EM 2-vector
harmonic amplitudes behave in a very similar manner to the GEM 2-tensor amplitudes,
and consequently, we decouple four precise combinations of the GEM 2-tensor harmonic
amplitudes for gravitational perturbations.
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